We obtain a general transcendence theorem for the solutions of a certain type of functional equation. A particular and striking consequence of the general result is that, for any irrational number u) , the function
Introduction
In this paper, we continue our study of the transcendency of functions in one or more complex variables which satisfy one of a certain general class of functional equations. The ideas for this work go back almost 50 years to 3 papers of Mahler [9] , [JO] , and [ H ] in which he analyses solutions of functional equations of the form J.H. Loxton and A . J . van der Poorten general result, it seems appropriate to introduce the work of this paper by discussing a number of examples.
In [9] It is with just such systems of functional equations that we shall be concerned in this paper.
The ideas extend to functions in several complex variables. For example, denote by {f, } the sequence of Fibonacci numbers, defined by f = n f = l f, = f, + f, ( 7 J > 0 )
Mahler [9] showed that the series /(«,*) = I / h z fh+1 , h=0 which satisfies the functional equation
takes transcendental values at points (a, 3) with a, 3 algebraic, a3 # 0 , and log|a| + %(l+5*)log|6| < 0 .
In particular, the series oo f h=0
takes transcendental values at algebraic points oc with 0 < |a| < 1 . In [S] , we showed further that if a , ..., a are algebraic numbers each satisfying 0 < |a.| < 1 and the numbers |ot, |, ..., |a | are multiplicatively independent, then the numbers g[a ) , -, ?(a_J are algebraically independent. We can now show that, under reasonable growth conditions on the algebraic coefficients a, , numbers of the shape are transcendental for algebraic a with 0 < |a| < 1 .
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Mahler shows in [73, 74] Thus, for example, we have
Finally, we denote by C* the set of points z = [z , . . . , 3^) of C with 3 ... z # 0 .
Let T = {T, T , . . . } be a sequence of n x n non-negative integer matrices and define i t s associated sequence of matrices S = {S , S , . . . }
(1)
It is convenient to write
We denote by U(T) the set of all points z in C* with the following property: there is a positive w-tuple r\ , depending only on the sequence T and the point s , such that . We denote by ^j,( 2 ) * n e r e s u l t a n t of the 2 forms The theorem generalises the main theorem of [7] (see [ 7 ] , Theorem 1 and Lemma 11). Indeed, if the sequences T = {T, T, . . . } and
. . . } each consist of repetitions of a single e n t i t y , then the system of functional equations (k) becomes a single functional equation for f (z) and the hypothesis of strong transcendence for the sequence F becomes the ordinary transcendence of the function f{z) , and t h i s i s j u s t the situation we t r e a t in [ 7 ] . The proof of the theorem depends, as in our earlier work, on the construction of a suitable auxiliary function which we shall show has properties incompatible with the assumption that fr)( a ) ^s algebraic. This programme i s carried out in the next h sections.
THE AUXILIARY FUNCTION
Throughout the remainder of t h i s chapter, we assume that the sequence of matrices T , the sequence of functions F , and the point a satisfy a l l the requirements of Theorem 1 and we assume, in addition, that / n ( a ) i s algebraic. Let K be an algebraic number field of f i n i t e degree, d
at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0004972700022978 We note that P(5,3) is a polynomial of degree at most "or, > 
where we have written
Using (10) and recalling the assumption i 5 1 , we get 
j and (5)., and let E (s; t) be the function constructed in Lemma 2.
For each e > 0 , whenever p i Cp(e) and k is sufficiently large compared to p . On using (ll) and (lU), we see that, for each e > 0 ,
log 1 whenever p i C_(e) and k is sufficiently large compared to p . The assertion of the lemma follows at once from (15) and Lemma h.
COMPLETION OF THE PROOF OF THEOREM 1
Let d be the degree of the algebraic number field K described in Section 4. If 3 is a non-zero algebraic number in K , we have the fundamental inequality (16) log|3| 5 -2d log||3|| , which follows easily from the observation that the norm of the algebraic integer (den 3)3 has absolute value at least 1 (see, for example, [22] , page 6 ) . We shall apply the fundamental inequality to the number (fc)l ,a; T , but before doing so, we need the following lemma. ;
(k) LEMMA 6. Let 5 fe , r^ , and x x ' be the quantities defined in ( l ) , How < p-V, r\) > 0 by the choice of v , so it follows that for all sufficiently large k in N , the series (IT) has a single dominant term, and this establishes the lemma.
We can now complete the proof of Theorem 1. In our previous construction, we choose e < c. /2d and p > max{c , C" 2 (e)} , where a_, c. , and Cj^z) are the constants appearing in Lemmas 3 and 5. By combining the results of these lemmas, we then obtain
for all sufficiently large k in N(p ) . On the other hand, (16) and (18) are incompatible. This contradiction shows that / n (ct) is transcendental and establishes the theorem.
Applications of the transcendence theorem

LACUNARY POWER SERIES
U h
Let f{z) = Y, a i, 
On taking h < h < ... < h with h -k sufficiently large, we get a non-zero term of /r,( 
MORE GENERAL FUNCTIONS WITH GAPS
In the previous section, we applied Theorem 1 to lacunary power series. We now give applications to infinite products and continued fractions with "gaps". For this purpose, we introduce the following notation and hypotheses which are assumed in the statements of Theorems h to 6 below.
Let T = {r., 2
., } be a coherent sequence of n x n matrices. Thus Bb'hmer [7] showed that if g is a positive integer with g > 2 and the partial quotients of the simple continued fraction expansion of u are Theorem 8 in the next section.
PROOF OF THEOREM 8
We require some notation from the theory of continued fractions, which we normalise as in Cassels [2] We introduce the matrices
In order to apply Theorem 1, we must restrict k to the sequence N .
First, it is easy to check that the matrices S, for k in W arise from a coherent sequence of matrices T' , say, whose elements are products of suitable blocks of the T, , and that U(T') is the set of points defined by (23) . By combining the equations (26) This completes the proof of Theorem 8.
